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We present several extensions of Burnside’s well-known theorem
which states that the only irreducible subalgebra of Mn(F) with
algebraically closed field F is Mn(F) itself. We show, among some
stronger results, that if F is quasi-algebraically closed (in particular,
if F is finite), then the only irreducible subalgebra ofMn(F) that con-
tains a linear basis of triangularizable matrices (a hypothesis that
automatically holds in the classical case) is Mn(F) itself. We also
consider the problem of “field of definition” for a semigroup S in
Mn(K): If a linear functional on S takes values in a smaller field F , is
S simultaneously similar to a semigroup inMn(F)?
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
For a finite field F , and more generally for any quasi-algebraically closed field F , it is shown that
Mn(F) is the only irreducible algebra in Mn(F) that is spanned, as a vector space, by triangularizable
matrices inMn(F) (see below for definitions). It is also proved that if F is a finite subfield of the center
of a division ringD, or generally any subfield of the center ofDwhich is quasi-algebraically closed, then
every irreducible finite-dimensional F-algebra inMn(D)which is spanned by triangularizablematrices
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with inner-eigenvalues in F is similar toMn(F) (see below for definitions). In particular, if F is a finite
subfield of a field K , then every irreducible F-algebra in Mn(K) which is spanned by triangularizable
matrices with spectra in F and is finite-dimensional or on which trace is not identically zero is similar
toMn(F). Some consequences of our main results are presented.
We also give a partial solution to the following general problem: If a nonzero linear functional
defined on Mn(K), when restricted to an irreducible semigroup S in Mn(K), takes values in a smaller
field F , is S (simultaneously) similar to a semigroup in Mn(F)? In other words, does there exist an
invertible A inMn(K) such that the semigroup A
−1SA is entirely inMn(F)? (See [1,2,9,10,18].)
We set the stage by establishing some definitions and standard notation. Throughout the paper, K
andD denote a general field and division ring respectively; and F stands for a subfield of K or a subfield
of the center ofD. As is usual, we use the symbol Z(D) to denote the center ofD. We view themembers
ofMn(D) as linear transformations acting on the left of D
n, where Dn is the right vector space of n× 1
column vectors. The subspaces {0} and Dn are called the trivial subspaces of Dn.
A subspaceM is invariant for a collection F of matrices if TM⊆ M for all T ∈ F. A collection F of
matrices inMn(D) is called reducible if F= {0} or it has a nontrivial invariant subspace.
AcollectionFofmatrices inMn(D) is called simultaneously triangularizableor simply triangularizable
if there exists a basis for the vector space Dn relative to which all matrices in the family are upper
triangular. Equivalently, there exists an invertible matrix S over D such that each member of S−1FS is
upper triangular.
For a triangularizable matrix A ∈ Mn(D), we say that λ ∈ D is an inner eigenvalue of A relative to
a memberM of a triangularizing chain C for A if there exists a column vector x ∈ M \M− such that
Ax − xλ ∈ M−, whereM− is the predecessor ofM in C (note that dimM/M− = 1). If D = K , then
inner eigenvalues of a triangularizable matrix A ∈ Mn(K) relative to the members of a triangularizing
chain C for A are the eigenvalues of A. Inner eigenvalues of a triangularizable matrix A ∈ Mn(D)
relative to a memberMof a triangularizing chain for A are also known as diagonal coefficients relative
toM. If a triangularizable matrix A ∈ Mn(D) has inner eigenvalues in F relative to the members of
a triangularizing chain for A, then it is easy to verify that the inner eigenvalues of A relative to the
members of any other triangularizing chain for A are in F . It is easily verified that A ∈ Mn(D) is
triangularizable and has inner eigenvalues in F if and only if A has a minimal polynomial f ∈ F[X]
which splits into linear factors over F .
By an F-algebraA inMn(D), we mean a subring ofMn(D) that is closed under scalar multiplication
by the elements of the subfield F . For a semigroup S inMn(D), we use AlgF(S) to denote the F-algebra
generatedbyS. ByAlg(S)wesimplymeanAlgZ(S),whereZ denotes thecenterofD. AmatrixA ∈ Mn(D)
is called F-algebraic if it is algebraic over the subfield F .
For a given field F and k ∈ N with k > 1, we say that F is k-closed if every polynomial of degree k
over F is reducible over F . It is plain that a field F is algebraically closed if and only if F is k-closed for
all k ∈ N with k > 1. It can be shown that finite extensions of prime fields, e.g., finite fields, are not
k-closed for all k ∈ Nwith k > 1.
Let D, E be division rings. The division ring E is called an extension of D if D ⊂ E and Z(D) ⊂ Z(E).
A collectionFof matrices inMn(D) is called absolutely irreducible if it is irreducible over all extensions
of D. If D = K , then, by Burnside’s Theorem, the collection F is absolutely irreducible if and only
if Alg(F) = Mn(K). (See [3,4,6–8,11,13,18,19] for proofs and extensions of Burnside’s Theorem.) It
is plain that an absolutely irreducible family of matrices in Mn(K) is irreducible and its commutant
consists of scalars.
A field F is called quasi-algebraically closed (or C1) if every non-constant homogeneous polynomial
f of degree d in n variables over F has a non-trivial zero provided n > d. In other words, the following
holds:
If f (X1, . . . , Xn) is a homogeneous polynomial of degree d in n variables over F whose only zero in
Fn is (0, . . . , 0), then d  n.
The following facts are well-known. The Brauer group of any quasi-algebraically closed (C1) field is
trivial. Finite fields are C1. Algebraically closed fields are C1. An extension of transcendence degree 1
of an algebraically closed field is C1. Any algebraic extension of a quasi-algebraically closed (C1) field
is C1. (See [14, Chapter X, Section 7, 15, Chapter I, Section 3].)
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In what follows, we will make use of the following results (see [17, Corollary 2.8 and Theorem
2.9]). It is worth mentioning that, motivated by Theorem 4 of [9], Theorem 1.2 below was proved
in [17].
Theorem 1.1. Let n > 1, K a field, F a subfield of K, S an irreducible semigroup in Mn(K) such that{0} = tr(S) ⊆ F. Then, AlgF(S) is a finite-dimensional F-algebra and
dimF AlgF(S) = dimK AlgK(S).
Remark. It is pointed out by the referee that this result has been known in the case of absolutely
irreducible semigroups, and it can be traced at least as far back as a paper by Vinberg [16].
Theorem 1.2. Let n ∈ N, K a field, F a subfield of K, and S an irreducible semigroup in Mn(K) such that{0} = tr(S) ⊆ F. LetA= AlgF(S) and r ∈ N be the smallest nonzero rank present inA. Then, the integer
r divides n and after a similarity A = Mn/r(), where  is an irreducible division F-algebra in Mr(K).
Furthermore, the minimal polynomial of every A ∈ A is in F[X], and after a similarity,A= Mn(F) if and
only if r = 1.
Proof. See [17, Theorem 2.9] or [19, Theorem 2.3.11] for a more detailed proof. 
Remarks
1. In the preceding theorem if K is perfect, e.g., K is finite, or r = 1, then trace cannot be identically
zero on the semigroup S. Also if F = K , the assumption that trace is not identically zero on the
semigroup is redundant.
2. It is well known that a division F-algebra inMn(F) is irreducible if and only if dimF  = n (see
for instance [7, Remark 1 preceding Theorem 6]). Therefore, in the theorem above dimF  = r
whenever F = K .
The following Wedderburn–Artin type theorem was proved in [18] (see [18, Theorem 2.2]).
Theorem1.3. LetDbe adivision ring, F a subfield of its center, andAan irreducible F-algebra of F-algebraic
matrices in Mn(D). Let r ∈ N be the smallest nonzero rank present inA. Then, the integer r divides n and
after a similarity A = Mn/r(), where  is an irreducible division F-algebra of F-algebraic matrices in
Mr(D) . In particular, after a similarity,A= Mn(1), where 1 is an F-algebraic subdivision ring of D, if
and only if r = 1.
2. Main results
We start off with the following result which can be thought of as a generalization of Burnside’s
Theorem on finite fields.
Theorem 2.1. Let n > 1 and F be a finite field. Then Mn(F) is the only irreducible algebra in Mn(F)which
is spanned, as a vector space, by triangularizable matrices in Mn(F).
Proof. Suppose that A is an irreducible algebra in Mn(F) which, as a vector spaces, is spanned by
triangularizable matrices. It follows from Theorem 1.2 above thatA is similar toMk(), where k = nr ,
r is the minimal nonzero rank in A, and  is an irreducible division F-algebra in Mr(F). Since F is
finite, and hence perfect, it follows from Wedderburn’s Theorem, on finite division algebras being
commutative, that  is a simple extension field of F . Let ‘tr’ be the trace functional on Mk(), as
opposed to the trace functional on Mn(F). It suffices to prove that r = 1. We prove this by showing
that tr
(
Mk()
) ⊆ FIr , where Ir denotes the identitymatrix of size r. Let A ∈ Mk() be arbitrary. By the
hypothesis,wecanwriteA = ∑ri=1 ciAi,where ci ∈ F , andAi ∈ Mk() (1  i  r) are triangularizable
as members of Mn(F). Note that Ai’s are triangularizable in Mk() and have spectra in FIr , for their
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minimal polynomials split into linear factors over F . This is because Ai’s are triangularizable inMn(F).
Therefore, tr(A) = ∑pi=1 citr(Ai) ∈ FIr . This completes the proof. 
Remarks
1. We do not knowwhether the theorem holds for general fields. However, the proof above works
for an algebra A in Mn(F), where F is a general field provided we can ensure that the algebra
involves no division algebra, that is, the corresponding is a field. Such is the case whenever n
has no proper perfect square divisor other that one. This is because if  is a noncommutative
division F-algebra, then dimF  = dimZ  dimF Z , where Z is the center of . By [5, Theorem
IX.6.6], dimZ  is a perfect square whenever  is finite-dimensional.
2. In view of the Frobenius Theorem and the fact that dim = r, if F = R, the algebraA involves
no division algebra provided that n = 4 or 4 
∣∣
∣n.
Theorem2.2. Let n > 1 and F a quasi-algebraically closed field. ThenMn(F) is the only irreducible algebra
in Mn(F) which is spanned, as a vector space, by triangularizable matrices in Mn(F).
Proof. LetA be an irreducible algebra inMn(F)which, as a vector space, is spanned by triangularizable
matrices. In view of Remark 1 above, it suffices to show thatA does not involve any division algebra. As
in the proof of the preceding theorem, A is similar toMk(), where k = nr , r is the minimal nonzero
rank in A, and  is an irreducible division F-algebra in Mr(F). Let Z = Z(). It follows that Z is C1
because so is F and Z is a finite, and hence an algebraic, extension of F . Consequently, the Brauer group
of Z is trivial. On the other hand,Mk() is a central simple finite-dimensional Z-algebra. This implies
that  = Z , which is a field, for Z has trivial Brauer group. Therefore, A does not involve any division
algebra, completing the proof. 
Theorem2.3. Letn > 1, F a subfieldof the center of adivision ringDwhich isC1 , andAafinite-dimensional
irreducible F-algebra inMn(D)which, as a vector space, is spanned by triangularizablematriceswith inner-
eigenvalues in F. Then, A is similar to Mn(F). In particular, A is absolutely irreducible.
Proof. By Theorem 1.3, A is similar toMk(), where k = nr , r is the minimal nonzero rank in A, and
 is a finite-dimensional irreducible division F-algebra inMr(D). Let Z = Z(). It follows that Z is C1
because so is F and Z is a finite, and hence an algebraic, extension of F . Consequently, the Brauer group
of Z is trivial. On the other hand,Mk() is a central simple finite-dimensional Z-algebra. This implies
that  = Z , which is a field, for Z has trivial Brauer group. The rest of the proof is almost identical to
that of Theorem 2.1. It suffices to prove that r = 1. We prove this by showing that tr(Mk()) ⊆ FIr ,
where Ir denotes the identity matrix of size r. Let A ∈ Mk() be arbitrary. By the hypothesis, we can
write A = ∑ri=1 ciAi, where ci ∈ F , and Ai ∈ Mk() (1  i  r) are triangularizable as members
of Mn(D) with inner-eigenvalues in F . This implies that Ai’s have minimal polynomials in F[X] and
that their minimal polynomials split into linear factors over F . It thus follows that Ai’s are triangu-
larizable in Mk() and have spectra in FIr . Therefore, tr(A) = ∑pi=1 citr(Ai) ∈ FIr . This completes
the proof. 
The following is a quick consequence of the preceding theorem.
Corollary 2.4. Let n > 1, F a subfield of a field K which is C1, and A a K-irreducible finite-dimensional
F-algebra in Mn(K) which is spanned by triangulaizable matrices with spectra in F. Then A is similar to
Mn(F). In particular, A is absolutely irreducible.
Proof. Theorem 2.3. 
Remark. If trace is not identically zero on the F-algebraA, then by Theorem1.1,A is finite-dimensional.
On the other hand, if F is a perfect field, or F is k-closed for all 1 < k < n dividing n, or ch(F) > n
2
,
then trace cannot be identically zero on A.
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Theorem 2.5. Let n > 1 and F a subfield of a field K which has trivial Brauer group. Then every absolutely
irreducible F-algebra in Mn(K) which is spanned by triangularizable matrices with spectra in F is similar
to Mn(F).
Proof. LetA be an absolutely irreducible F-algebra inMn(K)which is spanned, as a vector space over
F , by triangularizable matrices with spectra in F . Note first that {0} = tr(A) ⊆ F . In view of absolute
irreducibility, wemay assume, with no loss of generality, that K is algebraically closed. So by Theorem
1.2, A is similar to Mk(), where k = nr , r is the minimal nonzero rank in A, and  is an irreducible
division F-algebra in Mr(K). We have Z := Z() = FIr because  is absolutely irreducible in Mr(K)
and {0} = tr() ⊆ F . Therefore, Z has trivial Brauer group, andhence is a field. That is, the F-algebra
A involves no division algebra and yet it is spanned by triangularizable matrices with spectra in F . So
as we saw in the proof of Theorem 2.3, this settles the proof. 
For a field F , we note that a collection C in Mn(F) is irreducible (resp. triangularizable) if and only
if its transpose C′ is irreducible (resp. triangularizable) inMn(F). The triangularizability result follows
from a version of a well-known theorem of McCoy, namely [12, Theorem 1.3.8]. By passing to the
semigroup generated by the collection, the irreducibility result follows from this observation: Let S
in Mn(F) be an irreducible semigroup, x ∈ Fn and φ ∈ (Fn)∗, where (Fn)∗ denotes the dual of Fn.
Then 〈Sx, φ〉 = 0 for all S ∈ S if and only if x = 0 or φ = 0. It is easily verified that for every
linear functional φ : Mn(F) → F , there exists a unique T ∈ Mn(F) such that φ(X) = tr(TX) for all
X ∈ Mn(F). If rank(T) = k, then the corresponding φ is also said to have rank k.
Theorem 2.6. Let n > 1, F a subfield of a field K, φ : Mn(K) → K a rank-one linear functional, and S
an irreducible semigroup in Mn(K) such that φ(S) ⊆ F. Then there exists an invertible matrix A ∈ Mn(K)
such that A−1SA ⊆ Mn(F).
Proof. Letφ be defined byφ(X) = tr(TX), where T has rank one. Not every TSwith S ∈ S is nilpotent,
so T can be replaced with TS0 = αE with E2 = E and α = 0. To see this, assume on the contrary
that every TS with S ∈ S is nilpotent, and hence has trace zero. Since T is rank-one, there are nonzero
vectors x ∈ Kn and y ∈ (Kn)∗, where (Fn)∗ denotes the dual of Fn, respectively, such that for all
matrices M, tr(TM) = 〈Mx, y〉 = y(Mx). Since tr(TM) = 0 for all M ∈ S , it is zero for all M in
the algebra S generates. Thus, the span of all Sx with S ∈ S is not Kn. If this span is not zero, it is a
nontrivial invariant subspace; if it is zero, then the semigroup has a commonkernel, which, in any case,
is a contradiction. Consequently, ESE ⊆ 1
α
FE (at this point we do not yet know α ∈ F). Let β = 1
α
.
Assume, with no loss, S = FS . Let e1 = 0 be in the range of E. By irreducibility, Se1 has n independent
vectors S1e1, . . . , Sne1. So some n − 1 of them together with e1 form an independent set, say,
e1, S2e1, . . . , Sne1.
Consider a new basis as follows
e1, e2 = S2e1 − e1, . . . , en = Sne1 − e1.
Now consider the representation of S relative to the new basis {e1, . . . , en}. Let [s11, . . . , s1n] be
the first row of any fixed member S of S in this basis. Then s11e1 = ESe1 = ESEe1 = βfe1 with f ∈ F ,
and for j  2,
s1je1 = ESej = ES(Sje1 − e1)
= E(SSj)Ee1 − ESEe1
= βf ′j e1 − βfe1
= β(f ′j − f )e1,
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for some f ′j ∈ F (1  j  n). Thus
s1j = βrj
with rj ∈ F for 1  j  n. Hence all entries of the first rows of all members of S are in βF .
Note that the transpose S ′ of S is irreducible inMn(K). In view of this, pick n independent first rows
R1, . . . , Rn from themembers of S and consider any column of anymember S of S , say, its j-th column
Cj . Observe that RiCj is the (1, j) entry of a member of S and thus equals βri for some ri ∈ F by what
we have just shown. So we have a system of n independent linear equations
RiX = βri, i = 1, . . . , n
with the unique solution X = Cj . But recall that Ri = βTi, where Ti is a row in (Fn)∗. Dividing by β , we
deduce that Cj satisfies the system
TiX = ri, i = 1, . . . , n,
and thus X belongs to Fn. We have proved that, relative to the new basis, every column of every S ∈ S
is in Fn. This shows β ∈ F and completes the proof. 
Remarks
1. The standard representation of quaternions in M2(C), call it H, is an irreducible division R-
algebra inM2(C)with traces inR. However, theR-algebra isnot similar to a subalgebraofM2(R)
because dimR H = 4 and H is a division R-algebra. On the other hand, the trace functional on
M2(C) is a rank-two functional on M2(C). This shows that the hypothesis on the rank of the
linear functional cannot be dropped.
2. It is not difficult to see that the theorem implies the following well-known result. Let n > 1, F
a subfield of a field K, andA an irreducible F-algebra in Mn(K)with traces in F. ThenA is similar to
Mn(F) if and only if A contains a rank-one matrix. The “only if” part is obvious. For the “if” part,
we see from the hypothesis that there is a rank-one functional on A which takes values in F .
So, in view of the theorem, the proof reduces to the following. The only irreducible subalgebra of
Mn(F) containing a rank-one matrix is Mn(F) itself, which is a well-known fact.
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